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On the Theory and Application of the Dielectric Post

Resonator

MARIAN W, POSPIESZALSKI

Abstract—This short paper deals with the modes of the dielectric post

resonator when e, is large. The normalized frequency FO = (rrD/10) &

as a function of D/L is diicnsscd. The simple approximate expressions
for the resonant frequencies of the lower order modes are given. The
properties of the TEO1, mode are discussed in detail from the point of

view of its application to the measurement of the complex permittivity
of microwave dielectrics. Curves and expressions for fast and simple
determination of the maximum measurement errors are given.

I. INTRODUCTION

In this short paper, the resonant properties of the structure

shown schematically in Fig. I will be discussed. The cylindrical

sample of a low-loss high+, dielectric material is placed between

two parallel conducting plates. This structure, known in the

literature as the dielectric post resonator, was applied by Hakki

and Coleman [1], and later by Courtney [2], to measurements

of the complex permittivity and complex permeability of micro-

wave insulators. It was also used to provide high RF field

concentrations on ferrite crystals [3], [5]. Present availability

of the low-loss high-e. temperature compensated ceramics

(for instance, [6], [7]) should permit introduction of this

structure as an element of microwave filters, oscillators, etc.

Information on the modes of the dielectric post resonator that

can be found in the literature are valid only for certain values of

&r [2 ]– [4 ]. A mode chart, together with approximate expressions

for the resonant frequencies of the lower order modes, valid for

all cases when e, > 10 is given. Though the properties of the
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(a) z=L

(b)

Fig. 1. Dielectric rod placed between two infinite paraflel perfectly con-
ducting plates.

particular TEOI ~ mode were discussed in detail [1], [2], some

important simplifications can be carried out, as is shown in the

following.

II. DIELECTRIC POST RESONATOR

Basic Relations

Referring to Fig. 1, the dielectric post resonator can be

described as a dielectric rod transmission line short circuited

at both ends. The characteristic equation for the normal modes

of the structure [8], [9] can be written in the form

‘J++K+)(++(--)F++?)=O
(1)

()trD 2

()

xD1 2

~
er=uz+ —

‘2= E)2- (:)2

(2)

(3)

and

~- = Jn-1(~) ~+ = J/I+l(u)

uJm(u) uJn(u)

~. = K1-l(w) ~+ = Kn+~(w)

wKn(w) MrCn(w)

where .fn is the Bessel function of the first kind of nth order, Kn

is the modified Hankel function of nth order, 1 is the number of

half-wavelengths in the cavity along the axial direction, D and L

are the diameter and length, respectively,s, is the relative dielectric

constant, and 10 is the free-space wavelength corresponding to

the resonant frequency fo, The solution of the preceding set of

equations can be most conveniently presented in the form

F02 = (trD/Lo)2er = fl(D/L). Fo, which we call a normalized

frequency variable, is very small dependent on:, when:, is much

greater than unit y. Indeed, for all values D/L > 0 and E. + co,

the asymptotic form of the previous equations is

(f+ + K+)J- + (J- – K-)J+ = O (4)

F02 = Z/ + W2 (5)

zD1
w.—.

2L
(6)

This is very well illustrated by the mode chart for the lower

order modes shown in Fig. 2. The solutions fore, > 500 cannot

be distinguished graphically. The largest difference in the range of

interest for these cases is 0.46 percent for the TEO ~~ mode and

(D/L)2 = 0.5.
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Fig. 2. Mode chart for the dielectric post resonator.

2) For TEo~l,

For the HEI ~~, HE2 ~~ modes the solutions of (1)–(3) in the Jl(u) K, (W)

very broad range ofs, and D/L are almost straight lines. Thus
_ .—— . (lo)
UJO(U) WKO(W)

very simule aum-oximate formulas can be derived. The plots for

Hilll ‘ ‘“modes, if e, > 500 and 1 s (D/L)2 s 15,, can be If 8, is large enough, the solutions of (9) for w >0 can be

approximated by approximated by the solutions of

()

2

F02 = (2.21)2 + ~ . (7) Jl(u) = o. (11)

The accuracy is better than 0.7 percent. Similarly, for HE2 ~~ we Thus an approximate expression for the resonant frequencies

get of TMo~t modes has the following form:

()
2

F02 = (3.65)2 + ~ . (8)

The accuracy of the expression (8) is better than 0.7 percent if

g, > 500 and 2 < (D/L)2 < 15.

For circularly symmetric modes, the characteristic ec(uation (1)

has very simple forms.

1) For TMO*Z,

()rrDl 2
F02 = P1.2 + ~ (12)

where plm is the mth greater than zero solution of (11). For

instance, for the TMO ~~ mode the accuracy of the expression

(12) is better than 2 percent if s, >20 and (D/L)2 >1, and

better than 0.5 percent if e, > 100 and (D/L)2 > 1. For higher

order TM modes, the accuracy is even better. It should be noted
1 K1 (W)JI(u) . ..—. (9) that expression (12) is also an asymptotic solution for HE2M,

UJO(U) 8, WKO(W) TEo~~, TMoMl modes, when D/L goes to hIbhY.
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The solutions for TEO~l modes cart be approximated by

(13)

This expression is illustrated in Fig. 2 by the dotted line. The

accuracy is better than 0.5 percent if:, > 500and 3 s (D/L)2 <

15. The derivation of the expression (13) is given in [10].

In many papers (for instance, [11]–[13 ]) the dielectric resona-

tor was treated as a length of uniform waveguide with magnetic

walls (i.e., n x FI = O, n oE = O). It is obvious that under this

assumption only TE and TM modes exist. In the case of the

dielectric post resonator, the expressions for TMO~~ modes take

exactly the same form as (12). On the other hand, for the TEOmt

modes we get

()nDl 2
F02 = ,..2 + ~ (14)

where Pom are mth roots of Jo. ‘ ‘

Equation (14) is represented graphically in Fig. 2 by the broken

line, It represents an asymptotic solution for HEl~l modes when

D/L goes to infinity. Thus the magnetic wall assumption in the

case of cylindrical structures can lead to great errors for TE

modes, giving at the same time good results for TM modes. It can

serve as an illustration of the discussion presented by Van Bladel

[14]. Using his terminology, we should refer to the TM modes of

the dielectric post resonator to be of the “confined” type.

Consequently, all the other modes, e.g., TEomz, HEHmJ, EHA,

are “nonconfined” modes,

III. THE DIELECTRIC RESONATOR METHOD OF MEASURING

THE PERMITTIVITY OF MICROWAVE INSULATORS

In this method [1], [2] the dielectric sample forms the micro-

wave resonator, Thus measuring sample dimensions D and L,

resonant frequencies fo, and unloaded Q factor Qw of the cavity

operating in the known mode and with the known surface

resistivity R~ of the metallic plates, one can determine the relative

dielectric constant q and loss tangent tan 8 of the dielectric. The

TEO ~~ mode is always chosen becwse the only existing transverse

component of the electric field E8 (Fig. 1) vanishes at the dielectric

metal interfaces. Thus an error due to the air-gap effect is

practically eliminated. This method is in many aspects described

in [1 ], [2]. We only point out some simplifications which result

from the aforementioned theory.

Identification of the TEO ~~ Resonance

It is seen from the mode chart presented in Fig. 2 that the

TEO ~~ mode can be identified as a second low-frequency mode.

It is also seen that mode frequency separation is poor when the

value of the D/L ratio is too small or too large. Thus it is sug-

gested to use a sample having a D/L ratio ranging between 1

and 3. It should be noted that the resonant frequency of the

TEO ~~ mode is relatively insensitive to small changes of the air-

gap dimensions in comparison with other modes, i.e., HE I ~1,

J=211> TMo1l, HE112.

Accuracy of E, kfeasurement

Assuming that the normalized frequency F. is only a function

of D/L for e, >> 1, say F02 ,= fl(D/L), the equation for the

maximum relative measurement errors lAer/e,\ gets very simple:

AeJ
8PI l=2”l%l+f2(M+b’(w~l

(15)
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Fig. 3. Plot of the function fz [see expression (15)] given to determine the
error in e, measurements.

where

()DD

()

f,’ ~ “~

f2:=

()
f, :

and fl’(D/L) is the derivative of fl(D/L). lAfO/fol, lAL/L],

lAD/Dl, are maximum relative measurement errors of the reson-

ant frequency fo, length L, and diameter D, respectively.

The plot of the functionf, computed numerically from (4)-(6)

is shown in Fig. 3. Equation (15) together with Fig. 3 allow a

prediction of the accuracy of thee. measurement which depends

on the D/L ratio, the sample accuracies, and the accuracy in

frequency measurement.

Accuracy of the Tan 6 Measurement

Hakki and Coleman [1] give expression for tan ~ in terms of

the sample dimensions D and L, the relative dielectric constant

&r, the unloaded Q factor of the cavity QU, and the surface re-
sistivity R. of metallic plates, if the resonator is working in the

TEOI ~ mode. Their expression of rather complicated math-

ematical form can be simplified to

(16)

where Zf is the intrinsic impedance of the dielectric under test,

i.e.,

J

—

Zf= ~
so%

and f3 and f4 are functions of D/L and .s,.

Fig. 4 gives plots of f3 and f4 in terms of D/L fore, = 10 and

for e, d w. As these functions are not very dependent on 8,,

the presented graphs give good accuracy in most practical cases

when Cr > 10. It can be seen that the numerator of the first term

in the expression (16) is almost equal to unity for D/L > 1 and
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Fig. 4. Plots of the functionsj~ and~~ [see expression (16)] given to
determine” the error in tan J measurements.

s, > 10. Thus the influence of the accuracy of the Q-factor

measurement on the accuracy of the tan 6 measurement is

evident. The second term in (16) represents the effect of the losses

caused by the currents induced by RF fields in thle metallic

plates. It is well known that surface resistivity depends very

much on surface finishing and may have a different value from

that predicted theoretically. Inthisstructure we cannot measure

R, directly, unless we have a standard specimen, the loss

tangent of which is accurately known. Equation (16) shows that

the error of the tan S measurement caused by poor knowledge

of R. k small if RJZ, and D/L ratios are small (see Fig, 4). Care

must be taken when using samples with very small D/L ratios

due tQ the poor mode separation,

Many samples made of the same piece of dielectric having

different D/L ratios may have the same resonant frequency fo.

Thus measurements made on at least two samples allow us to

find values of tan 6 and, R$. This case should be taken into

consideration if the accuracy of the tan 6 measurement predicted

previously is unsatisfactory.
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A more detailed discussion of the dielectric post resonator

properties from the point of view of its application to microwave

measurements of dielectrics was given by the author in [15 ].

IV, CONCLUSION

The dielectric post resonator, in view of the present tendency

to miniaturize microwave circuits, can be a very attractive and

easy to design structure. Cavities with Q factors of 1000 + 2000,

a frequency stability better than 10- 5~C, and a dielectric volume

of about 0,5 cm3 can be easily built at X-band frequencies.

Curves and equations given in this short paper simplify the use

of the dielectric post resonator in the, measurement of the

permittivity in the microwave range.
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